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CNRS UMR 7335, F-06560 Valbonne, France

(Dated: September 26, 2016)

We report a detailed analysis of the chaotic nature of Quantum Turbulence through a judicial
examination of the 2nd order density-density correlation function. We find the almost identical
behavior of the average density of the turbulent condensate as compared to that of the regular
condensate. The cause of the chaos was traced to the vortices as the correlation length was found
to be close to the size of a single vortex. We further make the observation of a similarity between
the dynamics of a freely expanding turbulent Bose-Einstein condensate and the propagation of an
optical speckle pattern. Both follow very similar basic propagation characteristics. The second-order
intensity-intensity correlation function is calculated for the speckle light and the correlation lengths
of the two phenomena are used to substantiate the aforementioned similarity.

Since the advent of coherent matter wave sources, as a
Bose-Einstein condensate (BEC) or an atom laser, atom
optics become an important research field. The free-
propagation of coherent atomic waves has been the ob-
ject of various theoretical [1–3] and experimental studies
[4–7]. The realization of Quantum Turbulence (QT) in
atomic superfuids [8] creates the opportunity to investi-
gate the behavior of a free-expanding speckle matter wave
and its statistical properties. In a recent experiment,
an atomic speckle was produced using multimode guided
atomic beam [9] and was studied by measuring the tem-
poral second-order correlation function C(2)(τ). Here,
the spatial second-order correlation function C(2)(∆r)
is measured for the free-expanding atomic speckle. In
this Letter, we use the correlation function to discuss in
details the chaotic behavior of the speckle many-vortex
condensate as it freely expands and compare the behav-
ior of this turbulent atomic superfluid cloud in expansion
with the propagation of a speckle light field. Our results
clearly demonstrate that even in the chaotic regime, mat-
ter and light waves behave similarly. This finding, adds
a new dimension to the matter-wave equivalence at the
small scales world.

We first clarify a question of nomenclature: “Quan-
tum Turbulence”, which we use to characterize the tur-
bulent BEC (TBEC), is loosely used by us in several of
previous publications and in the current paper. It is to
be understood as a short-hand version of “Turbulence in
the Collective Response of Quantum Systems”, which we
believe to be unique to a Bose-Einstein condensate, as
collective excitations are predominantly ordered phenom-

ena: to cite a few, the dipole resonance in mixed BEC
(two types of atoms with different masses), plasmon res-
onances in metal clusters, and giant resonances in nuclei.
Even in a gently rotated BEC, vortex formation may in-
crease to the point of forming an Abrikasov Lattice in a
BEC [10–12], a highly ordered structure. The descrip-
tion of these ordered structures of vortices is the cranked
Gross-Pitaevskii equation. In turbulent BEC, the vor-
tices are formed in a disordered fashion and the resulting
collective response is chaotic.

Our experimental apparatus consists in a BEC of 87Rb
atoms confined in a magnetic QUIC (QUadrupole-Ioffe
Configuration) trap. The trap potential is characterized
by an axial frequency ωx = 2π × 21.1(1)Hz and a ra-
dial frequency ωr = 2π × 188.2(3)Hz. The BEC sample
contains 1.4 × 105 atoms with a small thermal fraction
(T = 170 nK ≈ 0.47TC). To perturb the BEC, a tem-
poral oscillatory magnetic field is superimposed on the
static QUIC trapping field. This extra field is produced
by a fixed pair of anti-Helmholtz coils whose center is
displaced (≈ 8 mm) from the QUIC trap minimum and
its axis is tilted in a small angle (≈ 5◦) from the trap
major axis [8]. The oscillatory field is turned on dur-
ing 31.7 ms (6 full cycles of excitation) at a frequency of
189 Hz. After the excitation stage, we let the perturbed
atomic cloud evolve in-trap during 35 ms. Then, the
condensate is released from the trap, expanding freely in
time-of-flight (TOF) and a standard absorption image is
performed to obtain the atomic cloud picture. For ex-
citation amplitude higher than 350 mG/cm a quantum
turbulence state was observed in the BEC. The momen-
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tum distribution and collective modes of this clouds was
already investigated in previous works [13].

The qualitative and quantitative characterization of
the generated atomic QT has been analyzed in several
previous publications [14, and references therein]. Briefly,
the quantum gas emerges from this excitation either with
the presence of scissors mode or with the nucleation
of vortices, resulting from the interaction of the BEC
with the thermal gas, and their further number prolif-
eration along several directions. After a critical num-
ber of formed vortices, the system evolves into a tangle
configuration characterizing the emergence of turbulence.
Further excitation of the turbulent cloud by the external
field results in a granulation state which corresponds to
condensate grains surrounded by non-condensed atoms.

A typical result for the free expansion of the turbulent
and non-turbulent clouds are shown in Fig. 1, where the
cloud dimensions are plotted as a function of the time-
of-flight. For a standard BEC expansion, Fig. 1(a), the
aspect ratio inversion occurs at the crossing point, around
the time-of-flight 8.5 ms. On the other hand, the turbu-
lent cloud expands without any intersection point during
the considered TOF interval, Fig. 1(b). The turbulent
cloud indicates an almost self-similar type expansion with
a shape and an aspect ratio nearly constant during the
TOF. The vortex angular momentum reduces the cloud
radius expansion rates and the almost self-similar expan-
sion of a turbulent cloud has been explored as an evidence
of turbulence in BEC [14]. At this point we mention
that several other papers have addressed different ques-
tions related to the statistical properties of interacting
many-body systems [15–18], and of an expanding cloud
of BEC [19–21]. From figures 1(a) and 1(b) the expan-
sion velocities in both cases are Ṙy = 3.9(1) µm/ms,

Ṙx = 0.47(1) µm/ms for the regular BEC and Ṙy =

5.3(2) µm/ms, Ṙx = 1.5(1) µm/ms for the turbulent
cloud, showing that the disordered matter-wave expands
faster than the coherent one. Figures 1(c) and 1(d) show
a sequence for the expansion of the regular BEC and tur-
bulent cloud, respectively, for different TOF values. In
Fig. 1(d) it is observed that topological defects, typical
of a turbulent cloud, only appears in the 2D absorption
image for sufficiently dilute samples. This condition im-
poses a lower limit on the TOF which may be used to
probe experimentally this fine-grained structure.

Next we evaluate the density-density correlation func-
tion for the expanded matter wave and compare it with
that of the speckle field, whose coherence, or lack of it can
be described by the intensity-intensity correlation func-
tion, as was originally formulated by Hanbury-Brown-
Twiss, in their quest for the determination of the sizes of
astronomical objects [22].

The density as a function of r is simply the sum,
ρ(r) =

∑
i |ψi(r)|2, where ψi(r) is the single particle

wave function of the i-th atom at r. When vortices are
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FIG. 1. (color online) Cloud expansion during time-of-flight.
(a), (b) Cloud dimensions along the x and y directions, Rx and
Ry, as a function of the time-of-flight for a regular BEC and
a turbulent BEC, respectively. (c), (d) Sequence of three dif-
ferent time-of-flight showing the expansion of a regular BEC
and a turbulent BEC, respectively.

present, the sum above is expanded to include the oscil-
latory component which counts the vortices. Therefore,
the density function contains fluctuations due to the vor-
tices present in the turbulent BEC, and it is convenient
to extract from ρ(r) an average component and a fluctu-
ation, chaotic component, viz

ρ(r) = 〈ρ(r)〉+ ρfl(r). (1)

The average of ρfl(r) is by definition, zero, 〈ρfl(r)〉 =
0. This property allows the calculation of the density-
density correlation function of interest in the analysis of
turbulent BEC as

C(2)(r − r′) =
〈ρ(r) ρ(r′)〉
〈ρ(r)〉 〈ρ(r′)〉

− 1 =
〈ρfl(r) ρfl(r′)〉
〈ρ(r)〉 〈ρ(r′)〉

. (2)

The average density 〈ρ(r)〉, associated with the regu-
lar BEC without vortices, supplies a correlation function,
Eq. (2), which is zero by definition. Correlation functions
of amplitudes such as those encountered in the conduc-
tance of electrons in chaotic systems are calculated using
Radom Matrix Theory (RMT). Recently these correla-
tion functions were calculated and discussed in the case
of Chaotic Quantum Dots, d = 1 mesoscopic devises con-
taining a few electrons confined within a small region on
the surface of normal material and on a graphene sur-
face [23, 24]. In TBEC, RMT can also be applied in the
case of other observables connected to the mobility of the
vortices. More work needs to be done on these issues.

As regards the fluctuating density, ρfl(r), the proba-
bility distribution, P (ρfl), is expected to be a normal-
ized Gaussian, a consequence of the Central Limit The-
orem. Thus P (ρfl) = N exp [−(ρfl)

2/2σ2], where σ2 is
the variance of the distribution, σ2 = 〈(ρfl)2〉, and N



3

0 4 8 1 2 1 6 2 0 2 4 2 8 3 2 3 6 4 0
0 . 0
0 . 2
0 . 4
0 . 6
0 . 8
1 . 0

0 4 8 1 2 1 6 2 0 2 4 2 8 3 2 3 6 4 0
0 . 0
0 . 2
0 . 4
0 . 6
0 . 8
1 . 0

~

( b )

C(2)

∆ r  ( µm )

R e g u l a r  B E C
T u r b u l e n t  B E C

( a )
~

C(2)

∆ r  ( λ )

G a u s s i a n  b e a m
S p e c k l e  b e a m

FIG. 2. (color online) Normalized correlation function,

C̃(2)(∆r). (a) for a regular BEC (red) and a turbulent cloud
(green) as a function ∆r. (b) for the numerical simulations of
the a Gaussian (red) and a speckle beam of light (green) as a
function of ∆r, in units of λ, at a propagation distance where
the Gaussian beam aspect ratio matches with the regular BEC

of (a). The C̃(2)(∆r) for a regular BEC (Gaussian beam) is
zero except for very small ∆r, whereas for a turbulent cloud
(speckle beam) it has an exponential decay with a correla-
tion length of `Turb = 8.5(2) µm (`Speckle = 13.8(8)λ). The
cloud dimensions are Rx = 63(3) µm and Ry = 198(6) µm
and the beam waists are wx = 1876λ and wy = 2528λ, show-
ing that the correlation length is much shorter than the cloud
(beam) sizes. The colored regions are confidence bands of the
exponential decay fitting.

is the normalization constant, N =
√

2/π/σ. The vari-
ance is basically the correlation function at ∆r = 0. It is
convenient to present our result for the correlation func-
tion normalized to the variance, such that at ∆r = 0
the correlation function is unity. In this way, we de-
fine the normalized correlation function as C̃(2)(∆r) =
C(2)(∆r)/C(2)(0). Of course in order to calculate av-
erages such as 〈ρfl(r)ρfl(r′)〉, one needs the functional
r-dependence of ρfl(r). Not having this at hand, we
merely construct the average through sampling differ-
ent values of ∆r, and then performing the average as∑M

i=1 ρfl(ri)ρfl(r
′
i)/M . The large ∆r behavior of the

correlation function is expected to be a Gaussian or an
exponential. In our analysis to follow the exponential de-
cay with increasing ∆r was found to better represent the
behavior of the data, and the correlation length can be
extracted by using C̃(2)(`) = 1/e. In the following we an-
alyze the correlation function using the observed density,
ρ(r).

In Fig. 2(a), we analyze the normalized correlation

function C̃(2)(∆r) for a regular BEC and a turbulent
cloud at 30 ms of time-of-flight. The correlation for a
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FIG. 3. (color online) Comparison between turbulent cloud
and speckle beam. (a) Column integrated density profile for
a turbulent BEC. (b)Intensity profile for the cross section of
a speckle beam. The integration in one of the 3D dimension
of the BEC cloud result in slight reducing the amplitude of
density variations.

regular BEC is basically constant and close to zero. At
short distances, C̃(2)(∆r) is greater than zero due to the
small thermal fluctuations originated from the thermal
atoms component of the sample. The turbulent cloud
shows a typical C̃(2)(∆r) of a normalized decaying form
at larger ∆r, which is a result of a much shorter corre-
lation length (`Turb = 8.5(2) µm) than the sizes of the
cloud (Rx = 63(3) µm and Ry = 198(6) µm) and indi-
cates the presence of fluctuations at smaller scales. The
in-trap correlation length can be extracted from the TOF
correlation length by `0Turb = `Turb/

√
1 + (ωrt)2 ≈ 1.3ξ

[1], where t is the TOF and ξ = 0.18 µm is the BEC heal-
ing length, which is the typical vortex radius. The corre-
lation length can well be associated with the event hori-
zon radius of a single vortex, indicating clearly that the
chaotic dynamics of TBEC is entirely connected to the
vortices created in the disturbed BEC. While in speckle
optics the correlation length is dependent on the scat-
tering size, density of speckle centers, propagation time
and wavelength, for the turbulent BEC it is a function of
the vortex size, density of vortex, expansion time and de
Broglie wavelength.

Such a behavior strongly reminds us of a speckle light
field and allows us to establish an analogy between the
light field and the expanding quantum gas. Indeed, a
speckle field arises from a sum of complex statistically in-
dependent amplitudes bearing a random magnitude and
phase [25]. For this purpose, we simulated a propagat-
ing coherent Gaussian beam and speckle light beam and
compare with the expanding BEC and TBEC [26]. In
Fig. 2(b), we present the normalized correlation function

C̃(2)(∆r) for the Gaussian and the speckle beam at a
propagation distance where the Gaussian beam aspect
ratio matches with the regular BEC of Fig. 2(a). The
same decaying correlation function behavior is found for
light field and the quantum gas. In Fig. 3, we present the
atomic density absorption profile of an expanding turbu-
lent cloud together with the cross section intensity profile
of a propagating speckle field, showing the similarities
between the distribution of the spatial fluctuations am-
plitudes.
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FIG. 4. (color online) Optical beam propagation. (a), (b)
Beam sizes along the x and y directions, wx and wy, as a
function of the propagation distance for a coherent Gaussian
beam and a speckle beam, respectively. In the marked prop-
agation distances z1, z2 and z3, the Gaussian beam aspect
ratio matches with the regular BEC at the three TOFs of
Fig. 1(c). (c), (d) Sequence of three different propagation
distances showing the expansion of a Gaussian beam and a
speckle beam, respectively.

As is well known a coherent elliptical Gaussian laser
beam presents an inversion of its aspect ratio during the
propagation, this is equivalent to the aspect ratio inver-
sion of coherent matter waves in a BEC. If we now con-
sider the same elliptical beam, but with a speckle pat-
tern on it, the divergence is quite different. The diver-
gence angle for each direction is given by tan θi = λ/`i,
where `i is the correlation length of the speckle in the
i-direction. For an isotropic speckle field the correla-
tion length is equal in both directions, thus the beam
divergence is the same for both directions. Therefore,
the propagation takes place without inverting the aspect
ratio, which tends to unity at very large distances (far-
field regime). In Fig. 4 are presented the beam waists
of the coherent Gaussian beam and the speckle beam,
as a function of the propagation distance. The coherent
and incoherent optical beams, of identical initial ellip-
tical cross-section, follow distinct evolution due to the
presence of disorder in the latter.

For the coherent beam, Fig. 4(a), inversion occur af-
ter a given propagation distance away from the focus.
In contrast, for the speckle field, Fig. 4(b), the beam
propagates in an almost self-similar shape, and the cross-
section along each dimension increases faster when com-
pared with the coherent beam case. That occurs when
`i < wi, i.e. for a beam with many speckle grains, having
a divergence angle larger for the case of speckle. From fig-
ures 4(a) and 4(b) the beam divergence in both cases are
ẇx = 39.64(2)×10−3, ẇy = 0.48(1)×10−3 for the coher-
ent Gaussian beam and ẇx = 0.098(5) and ẇy = 0.167(6)
for the speckle beam, showing that the disordered light-

wave expands faster than the coherent one, similar to the
quantum gas case (see Fig. 1). Figures 4(c) and 4(d) show
a sequence for the propagation of the coherent Gaussian
and speckle beams, respectively. Those properties allow
a comparison between Fig. 1 and 4 showing the equiva-
lence between the propagating speckle light field and the
expansion of the corresponding matter wave originated
from a turbulent cloud.

An important point concerning our measurements is
that they are obtained from the cloud absorption image.
This corresponds to a projection of the cloud atomic den-
sity distribution onto a two dimensional plane. Despite
the fact that this procedure smooths the amplitude of the
fluctuations (as shown in Fig. 3), the correlation length
measured after projection is the same as in three dimen-
sions. We support this claim by simulating a 2D optical
speckle beam and its projection in one dimension. We ob-
serve that the effect on the correlation length, extracted
from C̃(2)(∆r), remains unaffected [26].

The introduction of disorder in matter waves, which
can be done through the emergence of turbulence in an
atomic cloud, opens up a large new window of research
opportunities to better understand the nature of the dis-
order in the quantum world. It may provide further in-
sight into the statistical behavior of quantum turbulence
and the probability distribution of the density of the vor-
tices which represent the microscopic “constituents” of
the turbulent gas. The different slopes seen in Fig. 1(b)
could be used to study the anisotropy of turbulence in
atomic superfluid.

In conclusion, we have supplied a detailed analysis of
the chaotic nature of a turbulent condensate, and pre-
sented evidence that the correlation length is intimately
related to the size of a single vortex. We have shown
that the average density of the turbulent BEC is close to
the density of the regular BEC. We further demonstrated
the equivalence between a turbulent atomic superfluid in
expansion with a speckle light field propagation. This
finding would allow further mapping of both phenom-
ena on each other as well as adds further understanding
of the statistics of matter waves. The measurement of
second-order correlation function can be an alternative
method to obtain the first-order correlation function us-
ing the well established Siegert relation [27]. Speckle like
behavior in turbulent quantum fluids consists of a three
dimensional speckle field and may be an excellent can-
didate to explore important aspect of structures and the
tomography of speckle fields in three dimensions.
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