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Université Côte d’Azur, CNRS, Institut de Physique de Nice, Valbonne F-06560, France

(Dated: February 16, 2017)

Anderson localization of light in three dimensions has challenged experimental and theoretical research for
the last decades. Here we propose a novel route towards this goal accessible in a dilute sample of cold atoms. We
show that disorder in atomic transition frequencies can result in localization of light in subradiant Dicke states.
The effective Hamiltonian of the coupled dipole model allowed us to exhibit strong signature of a transition to
localization of subradiant states and we show that the critical disorder required for this transition scales as the
product of the on-resonant optical depth of the samples times the lifetime of the subradiant states. This scaling
also allows to define a critical lifetime, above which the states are localized.

PACS numbers:

Strong localization, i.e. the absence of diffusion in a dis-
ordered sample, is an interference phenomenon proposed by
Anderson in 1958 to explain the transition between a metal-
lic and an insulating phase [1]. Coherent transport continues
to pose many questions at a fundamental level. Whereas the
beauty of the Anderson model lies in its underlying simplicity
and assumed universality, it is fundamental to verify its pre-
dictions in realistic systems. In particular we have to under-
stand to what extent microscopic details can affect the conse-
quences of interferences in disordered systems. Although for
electrons in solids interactions prominently affect their trans-
port properties, even the simpler case of non-interacting wave
propagation in disordered systems still challenges our under-
standing of strong localization. It is therefore essential to in-
vestigate a variety of systems with different properties to look
for universal features. Interferences in disordered systems
have thus been at the focus of an ever increasing research com-
munity, ranging from condensed matter to acoustics, optics
and ultracold matter waves [2–11]. Light has been an obvious
candidate to study Anderson localization of non-interacting
waves, which has triggered continuous efforts since the mid-
80s [12–22]. The assumed universality of Anderson localiza-
tion of non-interacting waves seemed to be confirmed by a
variety of experiments. Anderson localization of light in three
dimensions however challenges this common believe. It has
now been shown that past experiments on Anderson localiza-
tion of light [15–17] do not provide a signature for the Ander-
son transition in three dimensions [18–22]. Moreover, even
though details at the microscopic level had not been expected
to be essential, the mere existence of an Anderson phase tran-
sition for light is now being questioned. Indeed, initial con-
jectures and experimental efforts for Anderson localization of
light in three dimensions did not take into account the polar-
ization of the photons and the associated near-field coupling
between scatterers. They also neglected the fact that the in-
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FIG. 1: (Color online) Representations of a typical subradiant lo-
calized state. Here is N = 6400, ρλ3 = 5 corresponding to
b0 ≈ 17.3 and W/b0 = 0.4. For the state shown here, we have
Γ = 0.094, E = 0.1 and a participation ratio PR ≈ 7. In the upper
panel each atom is shown by a small sphere with a radius increas-
ing with the probability |Ψj(r)|2 for the excitation to be located on
that atom. Also the color depends on |Ψj(r)|2. In the lower panels
the projection on the x − y plane of |Ψj(r)|2 on a grid of 60 × 60
is shown. More details about the two panles can be found in Supp.
Mat., together with the representation of a typical extended state.
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teractions induced between the atoms by the electromagnetic
field have a long range nature, which is thought to destroy lo-
calization [23–25]. Moreover, the outgoing scattering com-
ponent of the electromagnetic wave makes the situation of
Anderson localization of light an open quantum (wave) prob-
lem, where cooperative effects [26–29] significantly change
the behaviour, a feature not taken into account in the standard
approach of Anderson localization of waves.

Shortly after the publication of the role of the near field
dipole-dipole coupling on the existence of Anderson localiza-
tion in dense samples of cold atoms [30, 31], alternative routes
towards Anderson localization of light by cold atoms have
been investigated. One approach consists of applying a strong
magnetic bias field, which in effect decouples some of the ex-
cited magnetic sublevels of the atoms [32]. Here we propose
another approach, based on the existence of subradiant Dicke
states [28, 33, 34]. In the dilute limit and a system size much
larger than the wavelength, we will show that these states can
be localized by additional diagonal disorder on top of posi-
tional disorder of the atoms, which can be understood as the
equivalent of off-diagonal disorder in an Anderson model. In
the case of cold atoms, diagonal disorder corresponds to ran-
dom shifts of the transition frequencies.

Here we consider a realistic model of dipole-dipole cou-
pling [35] well suited to describe coherent multiple scattering
of light in a sample of two-level systems. Following the previ-
ous discussion and previous results in Ref. [36–38], we inves-
tigate the possibility of localization to occur in the subradiant
subspace, where shielding from long range hopping should be
effective [39, 40], thus allowing for localization to occur [39].
Indeed in Ref. [36, 37], where a 1D and 3D Anderson lattice
model coupled to a common decay channel was considered,
the system response to diagonal disorder has been shown to be
strongly dependent on the life time of its eigenmodes. Specif-
ically, due to the diagonal disorder, subradiant states become
hybrid states with both an exponentially localized component
corresponding the Anderson localized state of the closed sys-
tem and a superimposed extended background, induced by the
residual long range hopping.

This paper is organized as follows: first we present the
model and the tools exploited to exhibit the signatures of lo-
calization of light in subradiant Dicke states. We then present
our numerical results and discuss the scaling laws for the re-
quired diagonal disorder to be able to induce localization of
subradiant states.

The Model.– We consider a 3D cloud ofN atoms randomly
distributed inside a cube of volume V = L3. Introducing
the density ρ = N/L3 and the wavevector k = 2π/λ we
define the mean free path l = 1/ρσ, where σ = 4π/k2 is
the the scattering cross section. Finally, we define the optical
thickness, b0, as the ratio between the system size L and the
mean free path l:

b0 =
L

l
= ρ

4π

k2
(
N

ρ
)1/3. (1)

The optical thickness can be also related to the number of
atoms which compete to decay in the same electromagnetic

channel and can thus be understood as a measure of the coop-
erativity of the system [26, 31, 41]. Indeed since the number
M of electromagnetic channels M ∝ (L/λ)2, we can write
b0 ∝ Nλ2/L2 ∝ N/M .

We considered the single excitation effective Hamiltonian
in the scalar approximation [35]. This approximation is ap-
propriate in the dilute limit, where interatomic distances are
larger than the optical wavelength, making near field terms
decaying as 1/r3 negligible. As we will see, and in contrast
to common believe that high spatial densities (with a corre-
spondingly very short scattering mean free path for the pho-
tons) are required for localization, we will exhibit localization
of light in such a dilute limit.

The effective Hamiltonian which governs the interaction of
the atoms with the electromagnetic field in this limit is charac-
terized by long range hopping terms Vi,j decreasing as 1/rij
with the distance:

H =

N∑
i=1

(Ei − i
Γ0

2
) |i〉 〈i|+ Γ0

2

N∑
i 6=j

Vi,j |i〉 〈j| (2)

where the state |i〉 stand for the i−atom in the excited state
and all the other atoms being in the ground state, Vi,j =
exp(ik0·rij)

k0·rij is the interaction between the atoms at distance
rij . Γ0 is the natural decay width for a single atom. In the
following energies and decay widths of the states will be ex-
pressed in units of Γ0. Note that H contains both real and
imaginary parts which takes into account that the excitation
is not conserved since it can leave the system by emission.
This situation is thus reminiscent of an open quantum (wave)
system.

The complex eigenvalues of this Hamiltonian describe the
energy and linewidths of the eigenmodes of the system. We
stress that even in the dilute limit ρλ3 � 1 we can have coop-
erative behaviour in the large sample limit (L� λ), provided
that the cooperativity parameter b0 � 1. In this regime coop-
erative effects such as single excitation sub- and superradiance
become relevant [28, 33, 34]. Superradiant states are charac-
terized by a decay width which is larger than the single atom
natural width Γ0, while subradiant states have a decay widths
which are much smaller than the single atom decay width, as
experimentally observed in dilute clouds of cold atoms [33].

In addition to the positional disorder of the atoms as stud-
ied previously [30, 31], we now introduce an additional ran-
dom diagonal disorder term in the Hamiltonian, Ei, which
shifts the excitation energy of the atoms. Experimentally in
cold atomic clouds, such on-site disorder can be realized by
applying a speckle field coupling the excited state to an aux-
iliary other excited state with convenient detuning, inducing
thus random shifts of the atomic resonances without induc-
ing dipole forces in the ground state. Following the approach
of the Anderson model on lattice, we allow the site energies
to fluctuate in the range of [−W/2,+W/2], where W is the
strength of disorder (in units of Γ0). Ensemble averaging thus
includes different realizations of the random position of the
atoms and of the random disorder strengths.

Within this model, we can now study different regimes us-
ing a variety of indicators to illustrate the rich phenomena in-
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cluded in this Hamiltonian. First, we can study the eigenval-
ues as has been done in [30, 31] and the spatial profile of the
eigenstates, which provide striking evidence when spatially
localized eigenstates emerge [42]. In a more quantitative way,
we also studied the participation ratio [43, 44],

PR =

〈
1/

∑
i

|〈i|ψ〉|4
〉
, (3)

of the eigenstates |ψ〉 of the Hamiltonian Eq.(2), where 〈. . .〉
stands for the ensemble average over different realizations of
the static disorder and positional disorder. This participation
ratio is a very convenient indicator of localization, as for ex-
tended states, it increases proportionally to the system size,
N , while, for localized states, it is independent of N .

Note that, since the atoms are randomly placed in a fixed
volume, there will be a certain probability of two atoms being
located very close to each other. This will induce pair-physics
effects which should be neglected since here we are looking
for collective effects (localization over many atomic states).
We have avoided such pair-physics by a proper selection of the
interval of complex energies as it has been done in previous
works [30, 31]. Alternatively these effects can also be avoided
by including an exclusion volume around each atom [33, 34].

Localization Transition: critical disorder.– A very striking
illustration of the existence of localized states described by
our Hamiltonian is given in Fig. 1, where we represent a typi-
cal localized subradiant eigenstate for N = 6400, ρλ3 = 5 so
that b0 ≈ 17.3 and with a disorder ofW/b0 = 0.4. The eigen-
state belongs to the energy window −0.1 < E < 0.25 (the
real part of the eigenvalues) and resonance widths window of
0.046 < Γ < 0.1 (the imaginary part of the eigenvalues).
The upper panel shows a 3D representation of the eigenstates,
while the lower panels show the projection of |ψ(r)|2 on the
x− y plane, see Supp. Mat. for more details. The addition of
sufficient diagonal disorder, on top of the positional disorder,
allows to obtain localized states, even in the dilute limit, where
the Ioffe-Regel criterion (in absence of diagonal disorder) for
localization (kl = 2π2/ρλ3 ≈ 4 > 1) is not fulfilled. We
observe that the localized peak, shown in Fig. (1 lower panel),
come hand in hand with an extended tail. This is consistent
with what was found in Ref [36, 37], where it was shown that
the nature of the subradiant localized states is hybrid, with a
central localized component reminiscent of an Anderson lo-
calized state in absence of opening to outgoing channels and
a plateau reminiscent of residual extended subradiant compo-
nent.

In order to study the localization transition, we performed
a systematic analysis of the participation ratio vs the disor-
der strength W for different densities, system sizes and win-
dow of decay widths. A typical example of our analysis is
shown in Fig. 2, where we analyze the localization properties
of the eigenmodes of the system for different system size at
fixed density ρλ3 = 5 and two different windows of decay
widths: a group of subradiant states (0.046 < Γ < 0.01) is
shown in the left panels, while a group of superradiant states
(1 < Γ < 2.15) is shown in the right panels. A clear signa-
ture of a transition to localization can be seen for the subradi-
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FIG. 2: (Color online) Average participation ratio Eq.(3) for subradi-
ant states (left panels) and superradiant states (right panels) as a func-
tion of the rescaled disorder W/b0 and different system sizes as in-
dicated below. Above a critical disorder indicated by the red vertical
dashed line, the participation ratio of the subradiant states become in-
dependent of N (upper left panel), whereas the participation ratio of
superradiant states keep increasing with N (upper right panel). The
normalized participation ratio shows the critical disorder separat-
ing the extended from the localized regime for the subradiant states
(lower left panel), whereas no clear transition occurs for the superra-
diant states (lower right panel). The average was done over disorder
and different eigenvalues in the interval −0.1 < E < 0.25 (the real
part of the eigenvalue). The interval of widths is 0.046 < Γ < 0.1
for the subradiant states (left panels) and 1 < Γ < 2.15 for the su-
perradiant states. The density is ρλ3 = 5 in all panels. Note that
for each N we have different values of b0 = 6.8 (N = 400, green
circles), 8.6 (N = 800, orange squares), 13.7 (N = 3200, black
crosses), 19.8 (N = 9600, blue rombs).

ant states when the disorder strength is rescaled by the optical
thickness b0. In Fig. 2(a), we show that below a critical W/b0
indicated by the vertical dashed line, the participation ratio
of the selected subradiant states increase with the atom num-
ber, an indication of extended states. Above the critical W/b0
however, the participation ratio becomes independent of the
atom number, as expected from localized states. A more pre-
cise study of the transition point can be obtained when looking
at the normalized participation ratio as shown in Fig. 2(b) for
the subradiant states: a universal crossing occurs which allows
to determine the value of the criticalW/b0 for the localization
transition. Even if a weak crossing can be observed also for
the superradiant states when looking at the normalized partic-
ipation ratio (Fig. 2(d)), their behaviour is in striking contrast
to the behaviour of the subradiant states. Indeed the PR of
the superradiant states is affected by disorder at much larger
values of W/b0 and, most importantly, it does not become in-
dependent of the system size for any disorder considered, see
Fig. 2(c). We have verified that our analysis of the partic-
ipation ratio also captures the localization transition studied
in [30, 31], see Supp. Mat.

By performing a similar analysis as in Fig. 2(b), for differ-
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FIG. 3: (Color online) Critical disorder for localization: Wcr

rescaled by b0 is plotted vs the mean Γ for different densities, see
figure. The black dashed line shows a fit given in Eq. (4).

ent densities and window of decay width, we determined the
dependence of the critical disorder on b0, Γ and ρ. We focused
our analysis to the subradiant states, where a clear transition
to localization has been observed. The result is illustrated in
Fig. 3, where a linear dependence of Wcr/b0 vs Γ is clearly
shown for sufficiently large values of Γ. The result can be
summarized in the fitting formula of the critical disorder given
by:

Wcr ∼ 1.61b0Γ + 0.053b0, (4)

where both Wcr and Γ are in units of Γ0. We also note that
for high spatial densities and very small Γ a deviation from
this law is observed, which lowers the values of the critical
disorder needed to have a transition to localization.

Localization Transition: critical decay width.– The critical
disorder Eq. (4) depends not only on b0 but also on the de-
cay width of the subradiant states considered. Interestingly,
from Eq. (4) one can determine the critical decay width for
fixed b0, N, ρ,W below which we have localized states. In-
deed from Eq. (4) we can write Γcr ≈ (W/b0 − 0.053)/1.61,
so that the critical decay width below which subradiant states
are localized, increases with the normalized disorder W/b0.
To further study the relationship between lifetime and local-
ization, we now turn to the eigenvalues of the Hamiltonian
and the participation ratio of each eigenstate, see Fig.(4 upper
panel). For all values of the energy E, a sharp transition in the
participation ratio is visible for a given value of Γ. This tran-
sition line (obtained from Eq. (4)), indicated by the dashed
horizontal line in Fig. 4 upper panel, corresponds to the ap-
pearance of a localized component on top a flat background.
The appearance of a critical decay width is a novel feature of
the transition to localization in open quantum wave systems
in presence of cooperativity (sub- and superradiance). Inter-
estingly it points to the existence of a “mobility edge” in the
imaginary axis. Indeed, as shown in Fig. 4 lower panel, the
PR of the subradiant states is independent of the system size
below Γcr (see vertical dashed line) if W/b0 is kept fixed.
Even though the present results are in line with the initial
toy model of Ref. [36, 37], there the dependence on the life-
time of the subradiant eigenmodes was not apparent. Indeed,
in that open 3D Anderson model the sub- and superradiant
modes were segregated in two regions and only their global
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FIG. 4: (Color online) Upper panel: Participation ratio of the eigen-
states in the complex plane E,Γ (in units of Γ0) of the eigenval-
ues of each state. Here N = 9600, ρλ3 = 5, b0 ≈ 19.8 and
W/b0 = 0.8. The scale of the participation ratio is given in the
color code. The critical width of the resonance for the transition to
localization (obtained inverting Eq.(4)) is indicated by the red hori-
zontal line. Lower Panel: Average participation ratio as a function
of the decay width of the eigenstates. Here the normalized disorder
is kept fixed at W/b0 = 0.8. The density is ρ=5 and we have con-
sidered the eigenstates in the range −0.1 < E < 0.25. Note that
for each N we have different values of b0 = 8.6 (N = 800, orange
squares), 13.7 (N = 3200, black crosses), 17.3 (N = 6400, violet
stars), 19.8 (N = 9600, blue rombs). Two different regimes can be
seen: one in which the PR is independent of N (for low values of Γ)
and one where the PR depends on N (for large values of Γ). The red
dashed line indicate the critical width obtained inverting Eq. (4).

behaviour were analyzed. In the present case, no gap between
sub- and superradiant modes exists.

Conclusions.– In conclusion, we have analyzed the lo-
calization properties of light by a three dimensional atomic
cloud. We have shown that localization of light is possible
even when the cloud is dilute, i.e. in a regime where, in the
absence of diagonal disorder, the scattering mean free path of
photons remains larger than the optical wavelength. In pres-
ence of strong cooperativity (super- and subradiance), local-
ization is achieved in the subradiant subspace by introducing
random spatial fluctuations of the transition frequency of the
atoms. The critical disorder which we determined for the tran-
sition to the localization depends linearly on the optical thick-
ness and the average decay width of the states considered. Our
results can pave the way to experimentally realize localization
of light in dilute three dimensional atomic clouds. This is thus
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an alternative route [32] to avoid near field dipole-dipole cou-
pling which is expected to prevent localization for high spatial
densities [30, 31].
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A. Extended subradiant state

Here we show an example of a typical extended subradi-
ant state in presence of no diagonal disorder W/b0 = 0, see
Fig. (5). This figure should be compared with Fig. (1) of
the main text where a typical localized subradiant state with
W/b0 = 0.4 is shown. Comparing the two figures one can
see that disorder in the transition frequencies of the atoms
can induce localized states in the subradiant subspace. In
both Fig. (5) and Fig. (1) of the main text, in the upper pan-
els each atom is shown by a small sphere. The probability
|Ψj(r)|2 for the eigenstate to be on that atom is given by the
color and the radius R of the sphere according to the relation
R(r) = 1.5(|Ψj(r)|2/|Ψj(r)|2max)2/7, where |Ψj(r)|2max is
the maximal probability for the case W/b0 = 0.4. This nor-
malization relation was chosen to improve visibility. In the
lower panels the projection on the x − y plane of |Ψj(r)|2
on a grid of 60 × 60 is shown. To improve the quality of the
representation, each grid point has been averaged by the sur-
rounding points, with a weighting inversely proportional to
their distances squared.

B. Localization and density

Here we compare our analysis of the localization properties
of the scalar model for cold atomic clouds with the results ob-
tained in previous works, which used a resonance overlap or
Thouless parameter as indicator for localization [30, 31]. As
reported in Ref. [30, 31] the scalar model predicts Anderson
localization at high densities in cold atomic clouds (mainly
due to the positional disorder) even in the absence of diagonal
disorder. In Fig. 6 the mean PR as a function of the den-
sity of a group of subradiant states is shown at a fixed dis-
order (considerably lower than Wcr). When the densities are
large enough (ρλ3 > 24) these states are indeed localized,
above a critical density which is in excellent agreement with
Ref. [30, 31]. In order to avoid such a high density transition,
we kept the densities analyzed in the main text at values well
below that critical value. Note however that at large densities
the scalar model is not a good description of atom-light cou-

pling and a more refined models, including polarization and
near field dipole-dipole coupling, does not show signatures of
localization in the dense limit [30, 31]. On the other side, the
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FIG. 5: (Color online) Representations of a typical extended sub-
radinat state. Here is N = 6400, ρλ3 = 5 so that b0 ≈ 17.3 and
W/b0 = 0. For the state shown we have E = −0.0758,Γ = 0.05.
The partecipation ratio PR, defined in Eq. (3), of the state shown in
this figure we have PR = 1941. Details about the two panels can be
found in the text.

localization transition observed in the dilute limit in the main
text is experimentally relevant.
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FIG. 6: (Color online) Average participation ratio of a group of sub-
radiant states with 0.01 < Γ < 1 as a function of the density ρλ3

at fixed very small disorder W ≈ 0.1. The transition to localization
occur at ρ ≈ 24 (red dashed line), in agreement with the results in
Ref. [30, 31].
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